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Elastic-Plastic Finite Element Analysis of Thermoplastic
Composite Plates and Shells

C. T. Sun* and G. Chen¥
Purdue University, West Lafayette, Indiana 47907

A quadrllateral Mindlin-type plate finite element is developed for the elastic-plastic analysis of laminated
composite plates and shells. A simple one-parameter plasticity model is used for characterizing the plastic
behavior of the AS4/PEEK thermoplastic composite. A facet representatlon of the general shell geometry is
adopted for the shell structural analysis. Numerical examples illustrate the effect of plasticity on the residual
stresses in AS4/PEEK thermoplastnc composite plates and shells after they are subjected to lateral pressures.

" Introduction

NLIKE thermosetting composites, advanced thermo-

plastic composites can be used to form structures by
using conventional high-speed, hot-forming techniques and
can be reformed under certain pressure and at-certain tem-
perature without losing their integrity and strength. However,
understanding their forming behavior presents a challenge to
manufacturing engineers. In forming fiber reinforced ther-
moplastic composites, conventional trial and error method
may prove costly or even futile because of the many param-
eters that may affect the quality of the final product. High-
speed computers combined with finite element technique pro-
vide us with powerful tools in simulating the forming process
and optimizing various parameters, thereby saving much time
and expense during the design stage.

" The forming process of laminated thermoplastic composites
often involves plasti¢ bending deformations. Thus, an under-
standing of the elastic-plastic response of laminated ther-
moplastic compeosite plates and shells is very important.

Although considerable progress has been made in the élastic-
plastic analysis of isotropic plate/shell structures, work on
laminated composite plate/shell structures is limited. Whang!
considered the elastoplastic finite element analysis of small
deformation orthotropic plates and shells with strain hard-
ening parameters. Owen and Figueiras*? used the semiloof
element and thick shell element to study the problem. Their
nonlinear material models were based on Hill’s modified von
Mises yield function and the associated flow rule.4-7

In the present study, the four-noded Mindlin-type T-element®*
is chosen for its good performance in overcoming the “}ock-
ing’” difficulty without introducing the reduced integration
technique, allowing the inclusion of bending-transverse shear
coupling in plastic deformation. The one- parameter plastic
constitutive model developed by Sun and Chen™ is used be-
cause of its simplicity, which is even more attractive when
cost becomes the overriding consideration in the nonlinear
analysis. The facet approximation of general shell geometry'2
is adopted. The temperature-dependent material properties
of AS4/PEEK advanced thermoplastic composmes13 are used
in the numerical examples.
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Material Nonlinearity

A general yxeld function that is quadratic in stresses and
includes transverse shear stress components is introduced:
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where o, are stress components referring to the material prin-
cipal axes (X1, X3, X3), a; are coefficients bearing the ortho-
tropic properties of the m'aterial, and k is a state variable
depending on the plastic strain.

Using the associated flow rule, incremental plastic strains
can be written in terms of the plastic potential as

of
A S

where {de?} is the vector of plastic strain increments and dA
is a proportionality factor. ,

For most advariced composites, plasticity in the fiber di-
rection is negligible, i.e.,

{der} = @

def, =0 (3)
which leads to the condition,
a4y =y = a,; =0 4)

For thin and moderately thick plates, it is assumed that o5,

= 0. In general, as;; = des * a,, for fiber composites. In

Ref 13, the value of a4 was determined experimentally. In
this study, it is assumed that

®)

Considering the above stated conditions and, without loss
of generality, letting a,, = 1, the plastic potential function
reduces to the one-parameter form:

of = (6)

With Eq. (2) the increment of plastic work per unit volume
can be written as

Qgq = Q55 = Qgp

0'%2 + 2a,(0%; + 0% + 0%)

dWr = {g}7{der} = 2fdA )
Define the effective stress o as
G = V3f ®
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Let the effective plastic strain incremgnts de? be defined as
dWr = oder O]
After some manipulations with the relations in Eqgs. (2) and

(7-9), the effective plastic strain increment d&” is obtained
as

der = \/—{(de” 2) + A [(d'Y 2)?

172

+ (dyg)* + (dv&)zl} (10)
Assume that the incremental strain (de) is small, and can
be decomposed linearly into the elastic part (de?) and the

plastic part (de?), i.e.,
{de} = {de} + {de?} 11)

where

{&}" = {ew, &2 Y12 Yo» 3} (12)

The incremental stress-strain relation for the elastic part is

{do} = [Q°](de} ~ {der}) (13
in which [Q¢] is the elastic stiffness matrix given by
[ = 57 (14)
where the elastic compliance matrix is
Eii -2 0 0 0 |
- 2—‘12 Eiz 0 0 o0
) = 0 0 51; (1) 0 (15)
0 0 0 G (1)
0 0 0 0 Ga
L .

In Eq. (15), E, and E, are the longitudinal and transverse
elastic moduli, respectively, v, is the Poisson’s ratio meas-
uring contraction in the x,-direction when loading is in the
x,-direction, and G; are the shear moduli.

In order to derive the elastic-plastic constitutive matrices,
we start from the consistency condition, i.e., during plastic
deformation, stresses remain on the yield surface so that

o _Lldk o
<a{0}> {do} — 5 5 4" = 0 (16)

From Egs. (2), (6), (13), and (16) and defining plastic mod-
ulus H as H = do/de?, we derive the relation between the
plastic strain increment and the total strain increment as

o
dA ol

of ;
(a{a}) [QYde}

=L 17)
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{de?} =

Finally, from Egs. (13) and (17) the relation between the
stress increment {do} and the total strain increment {de} is
obtained. We have

{do} = [Q){de} (18)

in which the elastic-plastic stiffness matrix is defined as

f 3
o) (a{o}> [
(@] = [Q] - [@] (19)

4 (N
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Thus, in the elastic-plastic analysis, the plastic modulus H
must be given at all stress levels. The hardening law for AS4/
PEEK composite can be modeled by a simple power law as!?

& = a(0)F (20)

In addition, the value of g in the plastic potential function
must be determined.

Mindlin Plate Finite Element

The Mindlin plate theory is employed to model the elastic-
plastic deformation of the composite laminate. The transverse
shear deformation is thus accounted for. The plate displace-
ment field is approximated by

u - Z\Px(xv y)

- z2¥,(x, y) (21)

us(x, y)
Vo(xa y)

w = wO(x’ y)

il

v

where u,, vy, and w, are the midplane displacement compo-
nents in the x-, y-, and z-directions, respectively; ¥, and P,
are the rotation of the cross sections about the y- and x-axis,
respectively, see Fig. 1. The corresponding strain components

are
ool e

where the tilde refers to the geometric coordinate system
(x, y, z) as shown in Fig. 1, and

e = {edo &5 Y2} (23)
(A7 = {kew Ky K0} (24)
Z,X3
X2
y
X [2) Xy

Fig. 1 " Reference coordinates for laminates.
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{73 = {y%, v% (25)

are in-plane strains, curvatures, and transverse shear strains,
respectively. In terms of the plate kinematic variables, we
have

duy
ox

£} = -— 26
= o 26)
oy | 2%

dy ox

@@= = (27)

7y ={¥ @28)

Consider a typical layer in the laminate. The incremental

elastic-plastic stress-strain relations are given by
{d} = [0] {d&} (29)

in which [Q¢°?] is the elastic-plastic stiffness matrix referring
to the xyz coordinate system. It should be noted that [Q¢°P] is
fully populated and will cause in-plane and bending defor-
mations to- couple with transverse shear deformation during
the plastic deformation stage.

Integrations of incremental stresses and multiplications of
incremental stresses with z over the thickness of the laminates
h yield the incremental in-plane resultant forces, moments,
and transverse shear forces as

dex hi2 do-xx
[N = { ] = f ldo—w] dz
= h/2 .

dN do,,
= [A] {d&%} + [B]{dk} + [E]{d¥.} (30)
dex hi2 dex
{dM} = [ = f [dayy} zdz
. —h2 da-xy
= [B] {d&%} + [D] {di} + [F] {d%3} (31)
dez o w2 (g y
{do} = {szx} - f-h/2 {dgn} dz
= [E]"{d&%} + [F]"{di} + [H){d¥2} (32)

To facilitate the integrations of the stiffness matrices [A],
[B], [E], etc., a numerical scheme is used. We first divide
each lamina into several layers for integration. This would
result in a total of n layers for the laminate. Along the thickness-
direction (z-axis), stress is assumed to be uniform over the
thickness in each layer, and its value is taken to be equal to
that at the midplane of that layer. Thus, the stress distribution
over the thickness of the laminate is a piecewise constant
approximation, see Fig. 2. As a result, the elements in the
stiffness matrices in Egs. (30-32) are given by:

ij=1,26 (33)

I
Ed
M=

E?]P(Zkﬂ ~Z4),

N 1 ' L
= 2507~ D), 6j=1,26 (39
no1_
D,, = kgl Z Q?,P(zkﬂ + z4)
X (Z%c+1 - Zi)’ l,] = 1a 23 6 (35)

It

=k2]§gp(z‘k+,—zk), i=13j=4,5 (36)

o 1=
= 2 507G -, i=13%j=45 @7)

Hy = I(Z] _Q—gp(zk+1 - Zk)’ i7 j, = 47 5 (38)

The finite element formulation: proposed by Hughes and
Tezduyar?® is employed in this study to develop an isopara-
metric four-noded plate element according to Mindlin plate
theory. The essence in this formulation lies in the fact that
the bilinear interpolation in the element is imposed on trans-
verse strain components rather than on displacements. First,
the transverse shear strains at a node of an element are ob-
tained by interpolating the transverse shear strains at the re-
spective midpoints of the two edges meeting at that node and
taking the average values. These average nodal values are
then used in conjunction with the same shape functions to
interpolate the transverse shear strains in the entire element.
This formulation is capable of relieving the shear locking
problem often encountered in using Mindlin plate finite ele-
ment to solve thin plate problems.

Analysis of Shells

In this study, a shell is replaced by an assembly:of flat finite
elements of quadrilateral shape. The stiffness properties of

1

h
=
oy

‘ Fig. 2 Stress profile of layered model.
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Fig. 3 Coordinate systems for shell analysis.
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an individual element are defined in a local Cartesian element
coordinate system (x, y, z) specified for that particular ele-
ment (Fig. 3). This is a moving reference frame that translates
and rotates with the element. Shown in Fig. 3 is a fixed global
coordinate system (X, Y, Z) used to define the location of
the nodal points. At each node a moving surface Cartesian
coordinate system (&, 7, {) is introduced. The surface coor-
dinate system is defined in such a way that the {-direction is
always taken normal to the current shell surface at the par-
ticular nodal point; hence, the £ and n-axes lie in the tangent
plane. The common reference frame to which all element
properties are transformed prior to the assembly of stiffnesses
are the base coordinates. The base coordinates are composed
of a special combination of global coordinates and surface
coordinates.

The relation between global and element coordinates is
given by a standard coordinate transformation defined by the
matrix of direction cosines of the element coordinate systems
[G]:

X X
Y = [G] H (39)
Z z

where [G] is the matrix of the direction cosines of the element
coordinates:

cos(X, x) cos(X,y) cos(X, z)

cos(Y, x) cos(Y;y) cos(Y, z)
cos(Z, x) cos(Z,y) cos(Z, z)

6] = (40)

The relation between global and surface coordinates can
be expressed as

X 3
Y =[] ln] (41)
z ¢

where [S] is the matrix of direction cosines of the surface
coordinate system

cos(X, £) cos(X, n) cos(X, )]
[S} = lcos(Y, &) cos(Y,n) cos(Y, &) (42)
cos(Z, &) cos(Z,n) cos(Z, &)
From Egs. (39) and (41), it then follows that
3 x X
[n] = [SI"[G] {y; = [C] 4y (43)
I4 z z

The Mindlin type T-element employed here has five degrees
of freedom at each of the four corner nodes with respect to
the element coordinate system, i.e., the translations (i, v,
Wo) in the x- , y- , and z-directions and the rotations (¥,, ¥,)
about the y- and x-axis, respectively. The global coordinates
are taken as base coordinates for the translation degrees of
freedom (uz, vz, wg), whereas surface coordinates are used
for rotations (¥,, ¥,). Only two rotations among the nodal
degrees of freedom with the third component about the sur-
face normal being neglected, the singularity that occurs when
elements around a node are almost coplanar can be avoided.

The transformations of displacement components between
the element coordinates and the base coordinates for node i
are given by

Uy
N N Ce) B ol .
{Us [0 (I)e(b)i(z)z] wo| T @@
\I,.

where

[n. = [_"1 (1)] (45)

Ukt = {wy 46)

v,
and [b); is the upper left 2 X 2 submatrix of [C] in Eq. (43)
for local nodal point number i (i = 1, 2, 3, 4); [I], results
from the definition of sign convention of rotation degrees of
freedom in element coordinates and base coordinates. The
subscript B has been introduced to identify a quantity that
refers to the base coordinates. However, one should note that
in {Ug}, the rotations of ¥, and ¥, refer to the surface
coordinates.

For the entire element displacement vector, it then follows
that

Uk = [THUY (47)
where
[T], O 0 0
m=|e O @ o )
0 0 0 [ThL

Using the above transformation relations, the external load
vector and the stiffness matrix of an element in the base
coordinate system are obtained by the transformations

{Re} = [TKR}* (49)
and
[Ksl® = [THKIT]" (50)

Numerical Procedure and Results

Because of the nonlinear elastic-plastic stress-strain rela-
tions, the assembled system of equations for the finite element
system is also nonlinear. An incremental load procedure in
conjunction with the standard Newton-Raphson technique is
employed for solving the nonlinear systems of equations. The
material stiffness (constitutive) matrices are evaluated at each
Gaussian point, in each layer, in each lamina and in each
element during every iteration. For an equilibrium iteration,
convergence is achieved when the out-of-balance forces, i.e.,
the difference between the internal force and the external
force, becomes less than a prescribed tolerance in a Euclidean
norm sense. Additional details of the computational proce-
dure can be found in Ref. 14.

Several numerical examples are studied to illustrate the
capabilities of the proposed computational procedure. The
composite material considered in the examples is AS4/PEEK
thermoplastic composite whose elastic and plastic properties
at room temperature are'

E, = 18.5 x 106 psi, E, = 1.49 x 10° psi

Gy, = 0.99 x 105psi, v, = 0.28

ae =15 B=70, a=207x10"" (51)

In addition, the following assumptions are adopted:

Gy = Gy = Gy, (52)

Va3 = Vi3 = Vi
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It should be noted that when the values of @ and B given by
Eq. (51) are used, the unit of the effective stress in Eq. (20)
must be ksi. Adjustment of these values must be made if
different units for stress are used.

All computations are performed on the VAX/780 computer
with double precision.

Clamped Isotropic Plate

A square plate (10m x 10m x 0.1 m) clamped along the
edges is analyzed using both the present finite element and
the general purpose finite element package MARC. One
quadrant of the plate is discretized by 4 elements, and 10
equal layers are taken through the thickness. Eight load steps
are used.

The material is assumed to be isotropic and elastic-plastic
with a linear hardening behavior. The elastic constants are
given by

E =109 x 10° N/m?, v=203 (53)
The yield stress is
= 1230 N/m? (54)
and the plastic modulus is
do
H = = 5000 (55)

Figure 4 presents the vertical displacements as the central
point at different load levels. It is evident that the two so-
lutions agree very well.

Clamped Laminated Composite Plates

Rectangular laminated plates of AS4/PEEK thermoplastic
composite under a uniformly distributed pressure are consid-
ered. The plate is clamped all around. Plate dimensions are
shown in Fig. 5.

Both [0,/45,/—45,/90,], and [90,/45,/—45,/0,], laminates
are studied. Each ply is assumed to be 0.005 in. Thus, the
total plate thickness is 0.08 in. The entire plate is discretized
with 8 X 4 elements and 16 equal layers through the plate
thickness.

Figure 6 presents the load vs central deflection curves for
both laminated plates. It is evident that stacking sequence

plays a very important role in the stiffness and plastic re-
sponses of the laminate.

Figures 7 and 8 show the residual stress profiles from the
top surface to the midplane at the central point of the {0,/45,/
—45,/90,], and {0,/45,/—45,/0,], laminated plates, respec-
tively. Again, the state of residual stresses in the laminate is
highly dependent on the stacking sequence.

]

1 Inch

Y

L E.
X 0.08 inch

2 inches —

Fig. 5 Geometry of laminated thermoplastic composite plate sub-
jected to uniform lateral pressure.
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0,], laminated thermoplastic composite plates subjected to uniform
lateral pressure.
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Fig. 4 Central deflection for isotropic plate subjected to uniform
lateral pressure P (N/m?).
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Fig. 7 Central residual stresses along thickness for the [0,/45,/ 45,/
90}, laminated thermoplastic compesite plate after unloading.
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Laminated Composite Shells

A cylindrical shell under a uniformly distributed pressure
as shown in Fig. 9 is considered. The two longitudinal edges
are clamped while the curved edges are free. A quadrant of
the shell is modeled by 6 x 8 elements (see Fig. 9), and 16
equal layers are taken through the thickness.

“Two AS4/PEEK laminates are considered; i.e., [0,/90,];
and [90,/0,),. The elastic plastic properties are given by Eq.
(51). The load-deflection curves at the central point for both
laminates are linear and almost identical indicating that these

0.04 inch ? 0.04 inch'g

6.5x10% —5x10° 5x10%
—6.5x10% . .
X o (psi) Oyy (psi)
0.04 inch
—5x10° I 5x103
Oxy (psi)

Fig. 8 Central residual stresses along thickness for the [90,/45,/ — 45,/
0,), laminated thermoplastic composite plate after unloading.

¥4 Free Edge

A
i]

Fig. 9 Geometry of laminated thermoplastic composite shell sub-
jected to uniform lateral pressure.

0.04 inch ] 0.04 inch 7
]
—5x10' ] 5x10! —dx102 4x10?
3
' -0.04 inch -0.04 inch -
o (psi) Tyy (psi)

Fig. 10 Central residual stresses along thickness for the [0,/90,], lam-
inated thermoplastic composite shell after unloading from a peak load
of ¢ = —700 psi.

two laminates have almost the same stiffness. This is because
the two laminates have the same membrane stiffness, and,
in this cylindrical shell, the membrane stiffness dominates
deflection.

Figure 10 shows the residual stresses over the thickness at
the central point of the [0,/90,]; shell after unloading from a
peak load of ¢ = —700 psi. It is interesting to note that the
level of residual stress is quite high even though the load-
deflection curve shows little nonlinear behavior. Also note
that the transverse residual stresses o,, in the 0 deg—plies
are all tensile.

Summary

A finite element code and the associated computational
procedure were developed for the elastic-plastic analysis of
laminated composite plates and shells. A one-parameter plas-
ticity model was used to describe the orthotropic plasticity in
the composite, and the Mindlin plate theory was used to for-
mulate the plate finite element. A numerical example for an
isotropic plate under lateral loading was solved by both the
present finite element code and by the general purpose finite
element package MARC. Good agreement of the two solu-
tions was obtained. Other numerical examples show some
interesting characteristics of elastic-plastic behavior in AS4/
PEEK thermoplastic composite plates and shells.
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